Ultracold molecules with both electron spin and an electric dipole moment offer new possibilities in quantum science. We use density-functional theory to calculate hyperfine coupling constants for a selection of molecules important in this area, including RbSr, LiYb, RbYb, CaF and SrF. We find substantial hyperfine coupling constants for the fermionic isotopes of the alkaline-earth and Yb atoms. We discuss the hyperfine level patterns and Zeeman splittings expected for these molecules. The results will be important both to experiments aimed at forming ultracold open-shell molecules and to their applications.
Ultracold molecules with both electron spin and an electric dipole moment offer new possibilities in quantum science. We use density-functional theory to calculate hyperfine coupling constants for a selection of molecules important in this area, including RbSr, LiYb, RbYb, CaF and SrF. We find substantial hyperfine coupling constants for the fermionic isotopes of the alkaline-earth and Yb atoms. We discuss the hyperfine level patterns and Zeeman splittings expected for these molecules. The results will be important both to experiments aimed at forming ultracold open-shell molecules and to their applications.
There have recently been major advances in producing molecules in ultracold gases of alkali-metal atoms. Ultracold molecules have been produced from most combinations of alkali-metal atoms by magnetoassociation, in which pairs of atoms are converted into molecules by tuning a magnetic field adiabatically across a zeroenergy Feshbach resonance. These "Feshbach molecules" are typically bound by less than h×10 MHz, which is less than part in [5] ) have recently been transfered from these long-range states to the absolute ground state by Stimulated Raman Adiabatic Passage (STIRAP). These ground-state molecules have significant electric dipole moments, and hold great promise for studying ultracold dipolar matter, for precision measurement, and for applications in quantum science and technology.
The alkali-metal dimers all have singlet ground states, with no net electron spin. This limits their tunability with magnetic fields. There is now great interest in producing ultracold molecules with electron spin as well as an electric dipole. Such molecules could be used to create new types of quantum many-body systems [6, 7] . Promising candidates include molecules formed from an alkalimetal atom and a laser-coolable closed-shell atom such as Yb or Sr.Żuchowski et al. [8] showed that magnetically tunable Feshbach resonances can exist in such systems, mediated by the dependence of the alkali-metal hyperfine coupling on the internuclear distance. Brue and Hutson [9] carried out a detailed theoretical study of such resonances in alkali metal + Yb systems. Brue and Hutson [10] also identified a different mechanism that can cause additional resonances in systems containing closed-shell atoms with nuclear spin (which are all fermionic for Sr and Yb), mediated in this case by hyperfine coupling involving the Sr or Yb nucleus. The first Feshbach resonances of both these types have recently been observed in RbSr [11] , along with resonances due to another mech- * J.M. Hutson@durham.ac.uk anism involving the tensorial coupling between the electron and nuclear spins. It is likely that ultracold groundstate 2 Σ molecules of this type will be produced within the next few years.
In parallel with the work on producing ultracold molecules from atoms, there have been major advances in direct laser-cooling of molecules such as CaF and SrF, which also have 2 Σ ground states. Barry et al. [12] have cooled SrF to about 2.5 mK in a magneto-optical trap (MOT), and Truppe et al. [13] have achieved sub-Doppler cooling of CaF in a blue-detuned MOT to about 50 µK.
Although the basic spectroscopy of molecules in 2 Σ states is well understood [14] , little is known quantitatively about the fine and hyperfine coupling constants of molecules formed from alkali-metal atoms and closedshell atoms, or about isotopologs of CaF and SrF containing metal atoms with non-zero spin. The magnitudes of the coupling constants will have profound effects on the patterns of energy levels for ground-state molecules, and how the levels cross and avoided-cross one another in magnetic, electric and laser fields. This will in turn affect the possibilities for state transfer and quantum control. The coupling constants are also important to understand the strengths of Feshbach resonances [8] [9] [10] [11] . In this paper we present calculations of the fine and hyperfine constants for RbSr, LiYb, RbYb, CaF and SrF, using density-functional theory, which allow these effects to be explored.
I. MOLECULAR HAMILTONIAN
The effective hamiltonian for a 2 Σ diatomic molecule can be written
where the four contributions correspond to the rotational plus fine-structure, hyperfine, Stark and Zeeman Hamiltonians respectively. The rotational plus fine-structure Hamiltonian H rfs takes the standard form,
where N is the angular momentum for rotation of the molecule about its center of mass and S is the electron spin. The third term in Eq. 2 represents the electron spin-rotation interaction. The hyperfine hamiltonian H hfs may be written
where I 1 and I 2 are the spins of nuclei 1 and 2. The first term here represents the interaction between the quadrupole tensor eQ i of nucleus i and the electric field gradient tensor q i at the nucleus due to the electrons; it is commonly written in terms of a scalar nuclear quadrupole coupling constant (eQq) i . The second term represents the interaction between the electron and nuclear spins. It is usual to separate the isotropic and anisotropic components of the hyperfine tensor A i [15] ,
so that
where T 2 indicates a spherical tensor of rank 2. T 2 (C) has components C 2 q (θ, φ), where C is a renormalised spherical harmonic and θ, φ are the polar coordinates of the internuclear vector. The isotropic (scalar) component b F,i arises from the Fermi contact interaction, whereas the anisotropic component t i arises from dipolar interactions. The notation involving γ, (eQq) i , b F,i and t i coincides with that employed by Brown and Carrington [14] (see, for example, page 607), where explicit expressions for the matrix elements in different basis sets can be found. The alternative constants of Frosch and Foley [16] are related to these by c i = 3t i and
The effect of the external fields is described by H S and H Z , which represent the Stark and Zeeman Hamiltonians. The Stark Hamiltonian is
It includes both a linear term to describe the interaction of the molecular dipole µ with a static electric field E and a quadratic term involving the molecular polarizability tensor α. The latter is usually small for static fields, but may be used with a frequency-dependent polarizability α(ω) to account for the ac Stark effect due to a nonresonant laser field [17] . The Zeeman Hamiltonian is
The first term describes the isotropic part of the interaction of the electron spin with an external magnetic field B; g ≈ g e ≈ −2.0023 is the electron g-factor parallel to the molecular axisẑ and µ B is the Bohr magneton. The second term is an anisotropic correction; ∆g ⊥ = g − g ⊥ , where g ⊥ is the electron g-factor perpendicular to the molecular axis (defined to be negative, like g e ). The third and fourth terms describe the interaction of the molecular rotation and the nuclear spins with the magnetic field; g r is the rotational g-factor, and g i and σ i are the bare nuclear g-factor and shielding factor for nucleus i. µ N is the nuclear magneton. The Zeeman Hamiltonian H Z is dominated by the first term, but the remaining contributions cause small shifts that may have important consequences for resonance positions [11] and for the decoherence of molecules in magnetic traps [18] . The expressions given above neglect various small terms such as the interactions between the two nuclear spins and between the nuclear spins and molecular rotation. These terms can be important for closed-shell molecules [19] [20] [21] [22] , but for open-shell molecules they are less important because the terms involving electron spin are always present and are two or more orders of magnitude larger. A full description of the Hamiltonian, including the discarded terms, can be found in Ref. [14] .
II. CALCULATION OF THE COUPLING CONSTANTS
Molecular fine-structure and hyperfine constants may in principle be calculated using either wavefunctionbased methods or density-functional theory (DFT). However, wavefunction-based methods become very complex for hyperfine interactions in molecules containing heavy atoms, where very large basis sets are needed and relativistic effects are important. Calculations of potential curves for such molecules commonly use effective core potentials, but these are of doubtful accuracy for hyperfine interactions. We therefore choose to use DFT in the current work, and obtain values of the coupling constants (eQq), b F , t and ∆g ⊥ using the Amsterdam Density Functional (ADF) package [23, 24] . The ADF package includes its own all-electron basis sets of Slater functions for all the elements of the periodic table and incorporates relativistic corrections.
In the present calculations, we employ all-electron quadruple-ζ basis sets with four polarization functions (QZ4P). Relativistic effects are included by means of the two-component zero-order regular approximation (ZORA) [25] [26] [27] . The electron spin-rotation coupling constant, γ, is obtained from the components of the g tensor [15] and the rotational constant using Curl's approximation [28, 29] 
According to Weltner [30] , Curl's formula is accurate to about ±10%. We have carried out both spin-restricted and unrestricted DFT calculations using the B3LYP [31] and PBE0 [32] functionals, for a variety of 2 Σ molecules for which experimental values are available. The full results of these tests for the magnetic fine and hyperfine coupling constants are given in the Supplementary Material presented as an appendix to the article. We conclude that spin-restricted B3LYP calculations are the most reliable, and these results are summarized in Table I . The largest fractional discrepancies are mostly in cases where the constants concerned are small, and thus play a minor role for the molecule in question. For the remaining molecules, the spin-restricted results for ∆g ⊥ (or equivalently γ) are accurate to 30% or better, with the exceptions of GaO and InO. The agreement is significantly better for b F and t, except for InO. The exceptions probably arise because the ground states of these oxide radicals are mixtures of two electronic configurations with similar energies [33] . Magnetic properties are very sensitive to the balance between the configurations. The accuracy of B3LYP calculations for nuclear quadrupole coupling constants has been established previously [19, 34, 35] . The ADF program produces values of the coupling constants for a single isotopolog, usually the one containing the most abundant isotopes. Coupling constants for other isotopologs are obtained using simple scalings involving rotational constants, nuclear g-factors and nuclear quadrupole moments.
III. COUPLING CONSTANTS FOR RbSr, LiYb,
RbYb, CaF AND SrF Table II gives the coupling constants for all stable isotopologs of RbSr, LiYb, RbYb, CaF and SrF, obtained from spin-restricted calculations at the equilibrium geometries, R e =4.67Å for RbSr [56] , 3.52Å for LiYb [9] , 4.91Å for RbYb [9] , 1.95Å for CaF [54] and 2.07Å for SrF [57] . The spin-restricted results for one isotopolog of each molecule are compared with unrestricted results in Table III ; the differences are mostly within 20%, although for LiYb some of them approach 30%.
Experimental results are available for CaF [54] and SrF [55] , but only for isotopologs containing metal atoms with zero nuclear spin. The agreement between the experimental and theoretical results is good, with errors below 15% for CaF and SrF. The present results also agree with previous calculations of b F as a function of internuclear distance for Rb in RbSr [8] and Rb in RbYb [9] .
In molecular spectroscopy, a 2 Σ molecule without nuclear spin is commonly described using Hund's case (B), in which the electron spin S couples to the molecular rotation N to form a resultant J. However, J is a useful quantum number only if the hyperfine interactions are weak compared to the spin-rotation interaction, which is not the case for most of the molecules considered here. In the present work we couple the electron and nuclear spins before coupling their vector sum to the molecular rotation.
There is some difficulty in choosing a notation for molecular quantum numbers that does not clash with usage in either atomic physics or molecular spectroscopy. In molecular spectroscopy, F is commonly used for the total angular momentum of a molecule, including rotation and all spins. However, in atomic physics, F is often used for the total angular momentum of a single atom. For collision problems and Van der Waals complexes, there is a well-established convention that quantum numbers that apply to individual colliding species (or monomers) are converted to lower-case, reserving the upper-case letter for the corresponding quantum number of the collision complex [58] . We follow this convention here and retain s, i and f for the electron spin, nuclear spin and total angular momentum of individual atoms, and use F for the resultant of f 1 and f 2 . In our notation, F is thus the total angular momentum of the molecule excluding rotation. This accords with usage in systems such as RbCs and Cs 2 [59, 60] , although Brown and Carrington [14] use G in this context. We use N for the mechanical rotation of the pair (equivalent to the partial-wave quantum number L in collisions). We designate the total angular momentum of the molecule F, the resultant of F and N . All the quantum numbers can have projections denoted m i , M F , etc., which may be nearly conserved in certain field regimes. Figure 1 shows the Zeeman splitting of the hyperfine levels for the lowest two rotational levels of 87 Rb 88 Sr at magnetic fields up to 20 G. The hyperfine coupling constant b F,Rb is 2.60 GHz, which is reduced by about 25% from its atomic value of 3.42 GHz. The resulting splitting is 5.2 GHz, which is considerably larger than the rotational spacing of 1.1 GHz, so levels correlating with f = 2 are well off the top of Fig. 1 . The rotationless N = 0 state, with f = 1 and F = 1, splits into 3 sublevels with projection M F , just like a free 87 Rb atom. By contrast, the N = 1 state with F = f = 1 is split into three zero-field levels with F = 0, 1 and 2 by the spin-rotation coupling. When a magnetic field is applied, each of these splits initially into 2F + 1 components labeled by the total projection M F . However, states of the same M F originating from different F levels mix as the field increases; at higher fields, F is no longer a good quantum number and the magnetic sublevels are better described by M F and M N . In this regime, from 30 to about 1000 G, F = f remains nearly conserved. At even higher fields, levels of different F will mix and eventually the best quantum numbers are M S = m s , M I = m i and M N .
The situation is more complicated when the closedshell atom has non-zero nuclear spin. We consider briefly the example of 87 Rb 87 Sr, which is topical because Feshbach resonances have recently been observed for this combination [11] . The largest coupling is still between S and i Rb to form f Rb = 1 and 2, but in this case f Rb = 1 couples to i Sr = 9/2 to form F = 7/2, 9/2 and 11/2. There are thus 3 zero-field states even for N = 0, spread over about 160 MHz by the coupling between i Sr and S. For N = 1, these are each split into 3 by the spin-rotation coupling: F = 7/2 → F = 5/2, 7/2, 9/2, F = 9/2 → F = 7/2, 9/2, 11/2, F = 11/2 → F = 9/2, 11/2, 13/2. In a magnetic field these split into a total of (2f Rb + 1)(2i Sr + 1)(2N + 1) = 90 sublevels. The different angular momenta decouple sequentially as the magnetic field increases: first N , then i Sr and finally i Rb . For N > 0 there are additional hyperfine couplings due to nuclear quadrupole interactions [(eQq) Rb and (eQq) Sr ] and anisotropic electron-nuclear spin couplings (t Rb and t Sr ); these shift the resulting levels by a few MHz, but do not produce additional splittings. The resulting Zeeman diagram is very complicated and is beyond the scope of this paper to explore in detail.
The situation is different again for CaF and SrF. Here the chemical interaction is strong enough that an atomic f quantum number for fluorine is not useful. The coupling between the electron and nuclear spins is much smaller than the separation between molecular rotational levels, so the ordering of levels is different. For even-mass Ca or Sr isotopes with i = 0 the primary coupling is between S = 1/2 and i F = 1/2 to form F = 0 and 1. The resulting levels have been explored in previous work [54] . For 43 Ca and 87 Sr, however, the primary coupling is between S = 1/2 and i Ca = 7/2 or i Sr = 9/2. For 87 SrF these couple to form levels with f Sr = 4 and 5, separated by about 2.6 GHz. These levels are then further split by weaker coupling to i F = 1/2 to form zero-field N = 0 states F = 7/2, 9/2, 9/2 and 11/2. For N > 0 these are further split by spin-rotation coupling. 43 CaF behaves analogously.
It is noteworthy that both the isotropic and dipolar magnetic hyperfine couplings are a factor of 7 to 10 stronger for 171 Yb in RbYb than for 87 Sr in RbSr. This makes 171 Yb a particularly appealing candidate for Feshbach resonances such as those predicted in ref. [10] and observed for 87 Rb 87 Sr in ref. [11] .
IV. CONCLUSIONS
Hyperfine coupling in 2 Σ molecules containing alkalineearth atoms is important both in producing ultracold molecules and in using them for applications in quantum science. We have used density-functional theory to calculate hyperfine coupling constants for several 2 Σ molecules that are the targets of current experiments aimed at producing ultracold molecules. We have focused on molecules formed from an alkaline-earth (or Yb) atom and either an alkali-metal atom or fluorine. The resulting hyperfine splitting patterns and Zeeman splittings are illustrated by considering isotopologs of RbSr and SrF. Table IV gives results for both spin-restricted and spinunrestricted DFT calculations using the B3LYP [31] and PBE0 [32] functionals, for a variety of 2 Σ molecules for which experimental values are available. Overall, B3LYP is a little more accurate than PBEO and so we use B3LYP in the main paper. The largest fractional discrepancies are mostly in cases where the constants concerned are small, and thus play a minor role for the molecule in question. In these cases the calculations correctly give small values, though sometimes with substantial percentage errors. For the remaining molecules, the spin-restricted results for ∆g ⊥ (or equivalently γ) are accurate to 30% or better, with the exceptions of GaO and InO. The agreement is significantly better for b F and t, except for InO. The exceptions probably arise because the ground states of these oxide radicals are mixtures of two electronic configurations with similar energies [33] . Molecular properties such as hyperfine coupling constants are very sensitive to the balance between the configurations. Unrestricted calculations are often slightly more accurate than restricted calculations, especially for γ. However, in some cases they give very poor results, even where the fine and hyperfine coupling constants are large: see, for example, the values of b F for the metals in AlO, GaO and InO. It appears that unrestricted calculations on these oxides are even more susceptible to mixing of configurations than restricted calculations. The unrestricted B3LYP calculation also give dramatically incorrect results for γ in LiBa: in this case we have calculated the effective spin of the molecule, and find that its value is far from 1/2 in the unrestricted case, so it is clear that the solution suffers from spin contamination.
Appendix: Supplemental Material
We conclude that spin-restricted B3LYP calculations give the most reliable overall results. It is however valuable carry out unrestricted calculations as well: in cases where the two are similar, the unrestricted result may be better. 2 Σ molecules computed through restricted (R) and unrestricted (U) DFT calculations using the B3LYP [31] and PBE0 [32] functionals. An asterisk indicates cases where the signs of the components of the A tensor were not reported in the experimental papers and have been assigned to match the theoretical results [36] . The acronyms GP, NM and AM stand for "Gas Phase", "Neon Matrix" and "Argon Matrix" respectively and refer to the conditions used to record the spectra. Experimental results labelled as "CA" are obtained by applying Curl's approximation to ∆g ⊥ or γ, depending on the case. Comparison between experimental and theoretical values of ∆g ⊥ , γ, bF and t for 2 Σ molecules computed through restricted DFT calculations using the B3LYP [31] functional. An asterisk indicates cases where the signs of the components of the A tensor were not reported in the experimental papers and have been assigned to match the theoretical results [36] . The acronyms GP, NM and AM stand for "Gas Phase", "Neon Matrix" and "Argon Matrix" respectively and refer to the conditions used to record the spectra. Experimental results labelled "CA" are obtained by applying Curl's approximation to ∆g ⊥ or γ, depending on the case. Theoretical values of γ are always obtained from ∆g ⊥ using Curl's approximation. 
